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On the Singularities of Curves of Double Curvature. 

By Henry B. Fine. 



The elements of a curve of double curvature may be either the points of 
which it is the carrier or the lines or planes by which it is enveloped. We shall 
find it convenient to call any curve G the point-curve, line-curve, or plane-curve G, 
according as it is regarded under the first, second, or third of these aspects. 

Bach of these curves — if analytical — can be represented in the neighbor- 
hood of any element by an expansion in positive integral powers of a parameter 
with Grassmann units for coefficients (§ 1) ; these units being points in the series 
which represents the point- curve, in part lines, in part linear complexes in the 
series for the line-curve, and planes in the plane-curve series. 

A curve being thus represented, every projective singularity possible to a 
single curve element finds expression in linear relations among the coefficients 
of the opening terms in its expansion. 

Three classes of such relations among the coefficients of the point-curve or 
plane-curve expansions are supposable, and these I make the definitions of a 
1st, 2d and 3d class point singularity, and of a 1st, 2d and 3d class plane 
singularity (§§ 2, 3), viz : I define a point as singular in the 1st class to 
the x v order when all the coefficients of its expansion through that of the 
x y power of the parameter are congruent ; as singular in the 2d class to the x % 
order when the coefficients, through that of the x x -f- x% + 1 power of the 
parameter are linearly derivable from the leading coefficient and that of the 
x x + 1 power ; as singular in the 3d class to the x 3 order when the coefficients, 
through that of the x x + x 2 + %3 + 2 power of the parameter, are linearly deriv- 
able from the coefficients of the , x x + 1 , and x x + % % + 2 powers ; and have 
reciprocal definitions for a 1st, 2d and 3d class plane singularity with order 
indices fa, fa, fa. 
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The indices x x , x 2 , x s play precisely the same role in the theory of higher 
singularities of curves of double curvature as do the " cuspidal " and " inflex- 
ional" indices (Cayley) in the corresponding theory for curves in a plane.* 

Thus, for a pair of associated point and plane elements of any curve C , x x 
is equal to fi 3 , x% to (i 2 an d x 3 to (i x , (§ 4) . 

Of a set of associated point, line and plane elements of the curve — P, I 
and s — x x connects itself most closely with P, x % with I and x 3 with e ; these 
numbers being indeed the degrees to which P, I and e respectively are stationary 
(§§2,3,6). 

At P, a point tracing out the point-curve maintains the direction of its 
motion in I if x x be even, but reverses it if x x be odd ; and the generating line 
and plane are controlled in like manner by x 2 and x 3 . The eight combinations 
of odd and even values of the three numbers x x , x % , x s give rise to the eight 
characteristic shapes — first noticed by von Standtf — possible to a curve of double 
curvature at any element (§§ 5, 6). 

Finally x x , x % , x 3 are respectively the number of simple stationary points, 
lines and planes to which, in its effect on the order, class, rank and genus of C , 
the singularity is equivalent^ (§ 6). 

As there are six linearly independent line elements in space, the number of 
singularity-defining relations supposable among the coefficients of the line-curve 
series is five. It is found (§ 6) that these are all controlled by the indices 
x x , x 3 , x 3 when x x and x 3 are unequal, the first four of them when x x = x 3 . An 
independent line singularity is possible, therefore, when x x = x 3 and only then. 
I call it the line class singularity and assign it the order index Jl. This singu- 
larity is, geometrically speaking, that more consecutive elements of a line-curve, 
or developable, belong to the same linear complex than are forced into it by 
x x , x % , x 3 . 

*Pliicker was the first to define the higher singularities of algebraic plane curves by indices. He 
used two, an order and a class index. Prof. Cayley 's cuspidal and inflexional indices are Pliicker's 
order and class indices diminished each by unity. They give the number of simple cusps and inflexions 
which are to be regarded as entering into the composition of the higher singularity. Vid. Pliicker's 
Theorie der algebraischen Curven, p. 205, and Cayley in Quarterly Journal, Vol. 7 ; also Smith in Pro- 
ceedings of the London Math. Society, Vol. 6. 

t Geoin. d. Lage. Ruckkehrelemente. 

% There enter also into the composition of higher singularities in general, double points, double 
planes, etc., due to the mutual intersections of the projections of the several " partial branches " which 
unite in the singular element (as do the leaves of a Riemann surface at a spiral point). These we leave 
out of sight ; the series with which we operate represent but single partial branches, and regarded as 
an element of such a branch, the singularity is completely defined by the indices «i , «2 , k» , ^ . 
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The highest projective singularity possible to an element of C is defined by 
its indices x x , « t , x 3 , /I . 

In § 7 I have expressed the conditions of the singularity % x , x 2 , % s in terms 
of the coefficients in the expansions <p t (t) , ^ t (t) by which the point- or plane- 
curve is defined ; and in § 8 the same conditions in terms of position relations 
among corresponding elements of the curve q> t (t) (or ^(O) an( ^ its " differential 
curves " $' { (t) , $'(t) , etc., . . . (ty(t) , M'(t), etc., . . .). The use of the differential 
curves for this purpose was suggested to me by my friend Dr. Study of Leipsic, 
to whom I am indebted for other valuable suggestions, in particular for calling 
my attention to the singularity of six consecutive tangents lying in the same 
linear complex — the simplest case of the line-class singularity. 

As Grassmann is not very generally read, I have presupposed an acquain- 
tance with but the fundamental ideas of his algebra.* For his terms Punkt, 
Linientheil, Liniensumme, Ebenentheil, I have used simply point, line, linear 
complex, plane ; for, though somewhat inexact, this terminology is simple and 
not liable to cause confusion. 

The entire investigation admits of immediate extension to curves in space 
of n dimensions. It is only necessary to enlarge sufficiently the order of our 
region (Stufe). There are n classes of point and of "plane" singularities in a 
space of n dimensions ; the one class for a space of one dimension being the 
Riemann spiral point (Verzweigungspunkt). 

§1- 

The equations 

Xj : x 2 : x 3 : x 4 = fc(<) : fy(t) : <p 3 (t) : $ 4 (*) , 
where x { are homogeneous point coordinates and cf> t analytical functions of the 
form a m + a a (t — t ) + a i2 (t — t f + a i3 (t — t f + etc. 

which converge within a circle of the complex plane of t whose centre is t , 
define within this circle an analytical point-curve of double curvature. It is 
assumed that, generally speaking, to each point (x) but one value of t belongs. 
Of special interest among the analytical curves are the algebraic. These are 
defined in the first instance by equations of the form 

x i: x 2 :x 3 :x 4 = <?>!(£, >?):<&(£, rft-.fyig, »?):<&(£, n) , 
the <p { being integral rational functions of £ and y\ , and £ and v\ being connected 

* For a brief exposition of these, see an article by Prof. Hyde in Vol. VI of this Journal. Or see 
Grassmann : Ausdehnungslehre of 1844 ; Ausdehnungslehre of 1862, Part 1, Chapter 5. 
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by an algebraic relation /(£, vj) = . But this algebraic relation enables us by a 

simple substitution to reduce the equations given to the general form px f = q> t (t). 

For at a multiple point of the [i ih order on the curve /(£, 77) = — we suppose 

its coordinates to be £ , ^ — each of the fi values which y; — tj can take may be 

i_ 
developed in positive integral powers of (£ — £ )'' t if not in such powers of a 

lower root of £ — £ ; so that it is only necessary to substitute t — 1 for this 

radical to accomplish the desired reduction.* 

If E x , J7 2 , E 3 , E i be Grassmann points, each of the weight 1, and situate one 

at each of the angular points of the tetraedron x x = , x 2 = , x 3 = , x 4 = , 

the point (x) is P = x x E x + s.JE % + x 3 E 3 + xJE^ . For any point in space can be 

derived linearly from E x , E % , E 3 , E it so that P = a x E x + a 2 E^ + a 3 E 3 + a 4 E 4 . 

Taking the progressive product of both sides of this equation into E 2 E 3 E 4 , 

PE,E 3 E 4 = a x E x E,E 3 E 4 . Each of the products PE % E 3 E 4 and E X E 2 E 3 E 4 is 

scalar, and their ratio is that of the tetraedra PE 2 E i E i and E X E%E 3 E 4 ; a x , 

therefore, is in constant ratio to the perpendicular distance of P from the 

tetraedron face E % E 3 E 4 and is consequently equal to x x . For the same reason 

a 2 — X 2 > a 3 — X 3 > a 4 — " X 4 • 

It follows, therefore, that within the circle of convergence common to the 

four functions <p((t) , 

P = ^{i)E x + <h(t)E t + <p 3 (t)E 3 + 4> 4 (0^ 

is the equation in Grassmann units of the point-curve 

x x : x 2 : x 3 : x 4 = fy(t) : fy(t) : $ 3 (t) : $ t (t) . 
Developing fytf) , &(t), tytf), $ 4 {t) , 

P t = a w E x + a 20 Ez + a 3() E 3 + a m E 4 

+ (a xx E x + a 21 .# 2 + a 3X E 3 + a 4X E 4 )(t — t ) 
+ 



+ {a Xn E x + a, n E % + a 3n E 3 + a te K,)(* - t f 
+ etc. 



* If we suppose that neither of the lines fo , 'it, touches any branch of the curve in the point ? , Vo , 

these /i developments arrange themselves in groups of the type 

£1 h 
n — Va =B a ^—^) + £,</'(?-?„)*+£,,</*(£ — fo) A +etc (a) 

where a is any root of w A — 1 and the equations differ from one another only in containing different 
values of « . SA — /i ,. the summation referring to the different groups. Each of the groups (a) defines a 
branch of the curve with the singularity indices A — 1 , P,— A — 1 . The branch is " linear "if A = 1 ; 
" superlinear " if A >1 ; the terminology is Prof. Oayley's. To each branch (a) corresponds a branch of 
<j>,(t) of whose singularity indices it will generally be true that the first is A — 1 and the second and third 
depend upon but £,/?,,&. See in this connection Prof. H. J. S. Smith's memoir on the "Higher 
Singularities of Plane Curves," Proceedings of London Math. Society, Vol. 6. 
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Or, if a v E 1 + a^E 2 + a w E 3 + a Ai E± = A } , 

P t =A Q + A x {t - Q + A,{t- t f + ... + A n (t - t ) n + etc. ... (l) 

Reciprocally, if u lt u 2 , u 3 , u^ be the coordinates of a plane-element, the equations 

u x : u 2 : u 3 : t« 4 = ^i(0 : M f ) : ^s(0 : '■WO 
yield the Grassmann equation of the plane-curve ^(0 • ^ is 

e, = a + ai {t — to) + a 2 (t — t f + ... +a n {t - t ) n + etc (2) 

The coefficients a are pieces of fixed planes. 

§2. 
By Taylor's theorem, within the circle of convergence about t , 

A + ,= A + P^ + P/;|-+... + P^ + etc. 

I define the point P ti as singular in the first class to the x 1 order when P ti is 
congruent with each of the differential points P' ti , P' t [, . . . P£, but not with the 
point Pii + i; or when [_P t ^=P' ti , P' t [, . . . P%, ^P* t \ + \ 

I define a point P ti whose first class singularity is x 1 , as singular in the 
second class to the x% order, when all the differential points P K t \ + 3 , P\\ + 3 , . . . P\\ + " a+1 
lie in the same straight line with P ti and P£ + 1 , but the point p*> + "*+ 2 lies off 
this line ; or when 

fp D«i + 11 — P«i + 2 P"i + 3 p«i+K a +l d= P«i + "a+8 

L/*i> ■* «i J — *h > Jr ti ' • • • -it, > -I-- 1 <i 

A point P ti whose first and second class singularities are of the orders x x 

and x 2 respectively, I define as singular in the third class to the x 3 order, when all 

the differential points P£ + «* + 3 , PH + K * +i , . . . p*> + ">+** + * lie in the same plane 

with P t , P" t l + 1 , Pi 1 , + K2 + 2 , but the point p^ + ^ + K ^ + 3 lies without this plane ; or 

when [P ti ,Pli + \ !>? + '*+*] = P? + *+», P^+^+S . . . i>. + -. + «.+»E^P? 1 1+ "' +, " +8 . 

As all points of space are linearly derivable from any four among which no 
linear relation exists, with the three classes just enumerated we exhaust the 
singularity-defining relations of the points P ti , P' h , P' t [, etc. 

1. The First Class Singularity. The infinitesmal change of position of a 
curve point P t corresponding to an infinitesmal change h in the value of t is of 
the same order as h if x 1 , the index of the first class singularity of P t , is zero ; 
but if x 1 have any other value than zero, this infinitesmal change of position of 
P t is of a higher order than h , being indeed of the % x + 1 order when h is of 
the first order. It is supposed of course that t is made to vary continuously. 

*Here, as in what follows, I indicate the order of a derived function by a simple exponent. 
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For the progressive product, P t P t + s measures the order of the distance of the 

points P t , P t+S apart; and P t P t+s = P t P^' + 1 . - + etc., since P?' +1 isthe 

first differential point which is not congruent with P t . Hence, a point which is 
singular in the first class is stationary, and the index x x measures to what degree. 

2. The Second Glass Singularity. Let P h , P tz be any two points on the 
curve P t , and let them be made, independently of each other, to approach P ti ; 
the line P ti P t3 , in its limiting position, is, by the ordinary definition, the tangent 
to the curve at the point P ts . 

If t 2 = t x + h . p 2 , t 3 = t x + <5 . p 3 ; by Taylor's theorem 

p — p i pijj„ +pw v^hl _i_ p*i+ii°i£?£! i p+o 

r h — -**, i- Jr t fi -pa T Jr tl g , -f . . . f u . , ^ , -+- etc. . . . 



P tt = P ti + Ptf.p, + P>[ &$- + 



1 ^ ) ^ 1 +etc. 






Therefore, 



A.-ft. — 



«! + l 



K+l)! 



«"'+ 1 .p«,PJ I '+ 1 + 



so that the tangent at P ti , or ^ _^ ft -f~+t > * s congruent with P ti P% +1 . 

The tangent to a curve at any point P is the line determined by P and the first 
of the differential points P', P", . . . which is not congruent with P; it is the line 
PP" l+1 , if x x be the index of the first class singularity of the point. 

Now the product of the point P t+S by P t P K t 1 + l measures the order of its 
distance from the tangent; for the product P t P K t l+1 P t + s is of the same order as 
the triangle P t P? +1 P t +!,, and this of the same order as its altitude, the distance 

of P,+a from P t PV + \ But p t pj. + ip |+ , = j p | pj.+>p-.+-. + »_^^L ] + etc., 

where pp+ K *+* is the first differential point which lies off the line P t Pp +1 ; so 
that P t+S is distant from the tangent at P t by an infinitesmal of the x x + x % + 2 
order. 

At a point of the first and second class singularity x x , x 2 , a curve has with its 
tangent a contact of the x x + x 2 -\- 1 order ; in addition to the x x consecutive points 
ichich coalesce with P there lie still other x 2 + 1 consecutive points on the tangent 
through P. 

vol,, vni. 
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3. The Tliird Class Singularity. If P <2 , P ti , P ti be three curve points and 

these points be made independently of each other to approach the point P t , the 

plane P h P h P ti in its limiting position is the osculating -plane to the curve at P t . 

limit rP P P ~\ 
By a simple extension of the proof in the last paragraph * _j_ n t- a ^- + l a + 4 S 

is congruent with p t pp+ 1 pp+^+ li - r 

T7ie osculating plane to a curve at any point P is that determined by P, P* 1 + 1 , 
the first differential point not congruent with P, and P X ' + K ^+ 2 I the first differential 
point off the line PP* 1 + 1 . 

The progressive product P t P' t l f 1 Pi 1 + K * +2 P t +s measures the order of the 
distance of P <4 . s from the osculating plane at P t ; but P t Pf 1 + 1 P* t l + K * + 2 P t + s 

= p t Pj. + ip*. + «.+»pji + «. + «. + s ^ + ^!l + _ S + etc., since p*i + «. + «, + « is 

(% + x 2 + x 3 + 3) ! 

the first differential point not linearly derivable from P, P* 1 + 1 , p*^"^ 2 . Hence 

P«+a is distant from the osculating plane at P t by an infinitesmal of the 

*i + *2 + ^3 + 3 order. 

A third class singularity in P of the order x 3 adds x 3 to the order of contact of 

the curve with the osculating plane at P ; the order of contact at a point whose three 

singularity indices are x lt x 2 , x 3 , being x x -\-x % + x 3 + 1 . The number of consecutive 

points in tlie osculating plane is x x + x % + x 3 + 3 . 



§3. 

By Taylor's theorem, 

f* + 8 = e t + e$ + f«" -gy + . . . et — p + etc. 

The plane element e t I define as singular in the first class of plane singu- 
larity, and to the (i ± order, when [ej =e' t) e' t ' , ■ • • ep =\=ep + 1 . 

The plane s t , whose first class singularity is of the order f.i lt I define as 
singular in the second class to the [x % order when 

[e t , e? l + 1 ] =#* + *, sp +s , . . . sp + ^ + \ 5:E# , + ' J3 + 2 - 
The planes ep + 2 , . . . e J l, + M2 + 1 pass through the intersection of e t and sp + 1 , 
but s p + '^ + 2 does not pass through this line. 

The plane e. t , of which the first and second class singularities are of the 
orders fa and fa respectively, I define as singular in the third class to the order u 3 , 
when [s* ej 11 "*" 1 rf l > + '*2 + 2 l = p p + *» + s g^i + ca + i _ e »*i + ^ + m 3 + 2 — 1= &\ + ^ + m 3 + 3^ 



ABC and ABD. But the order of the product s t s t + s , or of e t e'? l + 1 / — nTTTi + e ^ c -> 
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All the differential planes preceding 6 «i + ^ + ^ + 3 pass through the point in 
which s t , e< 1 + 1 , sp + ^ + 2 intersect, but e p + ^ + ^ + 3 does not pass through this 
point. 

With these three classes the singularity-defining relations among the coeffi- 
cients of s t+s are exhausted; for the space of planes is a region of but the 
fourth order, so that any plane in space is linearly derivable from any four 
between which no numerical relation exists. 

1. The First Class Singularity. A plane which is singular in the first class 
is stationary, and the index (i x measures to wJiat degree. 

For the order of the (regressive) product of two planes of finite weight is 
the same as the order of the angle which they make with each other. If ABC 
be a triangle of one of the planes, its area the weight of the plane, and ABD a 
triangle of the other plane, its area the weight of its plane, the product of the 
planes is [ABC. ABD] = [ABCD] AB; [ABCD] is scalar, being three times 
the volume of the tetraedron ABCD, and its order is that of the angle between 

(fi+l)I 
is //j + 1 . 

2. The Second Class Singularity. The tangent line to the curve s t in the 
element e tx is the line of intersection of any two elements s h and s t3 in what is its 
limiting position when s h and e <3 are made, independently of each other, to 
approach e tl . By developing s h and s tj and taking their regressive product, it is 
easily proved that the tangent line to a plane-curve in any plane s is the line 
determined by e and the first of the differential planes s', s", . . . which is not 
congruent with e: it is the line ee" 1 + 1 if ^ be the index of the first class 
singularity of s. 

At a plane of the first and second class singularity (i lt fi z , a plane-curve has with 
its tangent a "contact" of the fi t + fa + 1 order: in addition to the fa consecutive 
planes which coincide with s, there pass still otlier ^ + 1 through the tangent in s. 

For the order of the angle which e t + s makes with ee" , + 1 is the order of 
the product e t + s ss' il + 1 or fa -f- fa + 2 . 

3. The Third Class Singidarity. The point of osculation of an element e of 
a plane-curve being defined as the limiting position of the point of intersection 
of three planes which are made independently of one another to approach s , it 
can be proved that it is the point determined by s, e a ' + 1 , E ^ + ^ + ^ t ^ and fa 
being the first and second class singularity indices of s. 
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A third class singularity in s of the order fa adds fa to the order of " contact " 
of the curve with the point of osculation of s ; the order of contact in a plane whose 
three singularity indices are fa , fa , fa_, being fa + fa + // 3 + 1 . The number of 
consecutive planes through the point of osculation is fa + fa + fa + 3 . 

For the order of the distance of s t + s from ££ »> + l £»> + **■> + * is fa + fa + ^ + 3. 



§ 4 - 
The curve point P and its osculating plane e are corresponding elements of 
a point-curve and a plane-curve. We are to prove that if 

x 1 , x 2 , x 3 &e ^e singularity indices of P, 
x 3 , x % , x-i are the singularity indices of s . 
And reciprocally, if 

fa, fa, fa be the singularity indices of e t , 
fa: , fa , fa are the singularity indices of P 1 . 

By hypothesis and the theorem on pages 161 and 162, 

e = PP" 1 + 1 i >1 + "« + 2 . 
It must be proved that 

1. [>]=£', e", ... 6*^e" +1 . 

2. [e, £" 3 + 1 ] = e' t3 + 2 , . . . fc -«3 + « 2 +i-;= e «a + « 2 + a # 

3 [s g" 3 "*" 1 p«3 + "2 + 2"] =r P *3 + "a + 3 _ f «3 + t 1 + «l + 2 = Cf«!+"l + "l+ 3 | 

1. In the series of planes into which e J ' = [PP" 1 + 1 P" 1 + " 2 + 2 ~] } can be 
developed the highest index which any point factor can have is xi + x 2 + 2 +y. 
So long therefore as j<C = x 3 , s j will be congruent with s . But if j = x s + 1 
the term 

/>/>*] + lp*l + «2 + "3 + s 

enters into the expansion of s j , and this cannot be congruent with e since 
p»i + «!+K8 + 3 ]i es -without g by hypothesis. 

which equals, numerical coefficients being omitted, 

rpp«i+ii« s +i+;p<i+«i-i-2 ^_ # . _ rpp«.+i>i+i+i-»ip.+«i + «j+2 ( a \ 

I l"pp«l + l"];p<l+«J + <3 + 3 I _ _ rppKl + llpKl + K-l + Ks + S+J^ (\)\ 

Now for every value of j, from 1 through x 2 , all the products (a) are of 
points whose indices are <C, = x j + x 2 + x 3 + 2 ; so that for every j which is 
<< , = x % , the planes (a) are congruent with e . 



Fine : On the Singularities of Curves of Double Curvature. 165 

And again, under the same hypothesis with reference to j, every factor 
[PP" 1 + 1 ] J occurring in the terms of (b) develops into a sum of lines which are 
congruent with pp K i + 1 - so that (b) itself is a sum of planes all of which pass 
through PP"' +1 , the intersection of e with e" 3 + 1 . 

If, on the other hand, j = x 2 + 1 , there occurs in (a), in addition to terms 
which are congruent with e, the term pp K i + K * + K * + 3 P K i + K * + i with the numerical 
coefficient 1 ; and in (b) , in addition to planes through the intersection of e and 
e Ks + 1 , the term 

(«,+ l)! (* 3 +l)!^ 
Now, since P"i+«»+*.+3 i s without e and p*'+« 2 +a off PP^+\ pP"'+««+'>+ 8 p'i-K+« 
cannot pass through es K ' +1 ; nor can the term in any case disappear, since no 
integral positive values of x x , x % , x 3 can be found capable of solving the equation 

fa, + *»+!)! ,. 
(«,+ l)! (*s+l)! 

3, 6 «,+«,+H^ = rpp<]+ip 1 +»i+»'|'i+«i+!+j v 

__ p« 3 + « 2 + 2+j r p*,+ ip*,+ « 2 +a _i_ (. ( a \ 

_|_ p*!+% + 2+J-*!rp'i + lp'i + «i + 2]'s ) 

_j_ pi+i+;Tp]+iJ»i+«! + »'|<i+ij. . . . ) 



_|_ p rpK 1 + lp/c, + K ,+ 8-|K 8 + it a + 8+^ 

For every value of /, from through x x — 

1.) The sum of the terms (a) is a plane which is congruent with e, for the 
highest index which any point factor can bear is x z + x 2 + x 1 + 2 . 

2.) The sum of the terms (b) is a plane which passes through the inter- 
section of e and e"' + \ For each of these terms is the product of a point of the 
line PP'^ 1 into a line [p-i + ip". + «• + »]«. + !+«, I = o , 1 , 2 , . . . «,. But 
rp«i+ipKi + K 2 +2-i* 3 + i+z _ pt.+iptj + ^ + x. + s+j _|_ _ _ _ _j_ p, + < 5 +ip>,+<i + 3+; / a n 

where all the lines (a') t meet pp^ + x and all the lines (h') l lie in the plane e. 
It follows, therefore that (b) which is 



j= 



__ y^ px 2 + i+j-i r p"i + ip"i+ "i+ni'3+i+i 



1 = 



is a plane through PP" 1 + 1 , i. e. through ee" 3+1 . 
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3.) Each of the planes in the sum (c) passes through P, since 

P = P', P", . ..P" 
by hypothesis. Each of the planes 6 "i +"»+*+■', therefore, where/ takes in succes- 
sion the values 0,1,...^ passes through the point P. 

On the other hand, the plane e *3 + *»+*> + 3 cannot pass through P. For in 
its development occurs, in addition to planes through P, the term 

with the numerical coefficient 

( *„ + x 2 + x, + 3) ! (x 3 + Xi + Xl + 3) ! 



1 — 



+ 



*3 + *2 + *1 + 3 



(x 2 + xi+2)l (x 8 +l)! (x 1 +l)\(x 3 + x 2 +2)\^(xi+l)\x,+ l)\(x 3 +l)l 
and only this term, and this term can in no case disappear. 



§5.* 



At a curve point P tlw generating 
point continues the direction of its motion 
along the tangent line at P, if x 1( the 
index of the first class singularity of P 
be even, but reverses the direction of this 
motion if x x be odd. 



At the element e of a plane curve 
ilie enveloping element maintains t7ie 
sense of its turning about the tangent 
line in s, if fa , the index of the first 
class singularity of e be even, but reverses 
the sense of this turning if ^ be odd. 



The generating point takes in succession the positions P t _ s , P t , P t 



t + t 



We 

wish to determine whether the projections of the points P t _ s , P t +s on the 
tangent line lie to the same side of P t or to opposite sides of it. All depends on 
whether the two products P t P t+s , P t P t _ s have the same or opposite signs; 
but, on the hypothesis that the index of the first class singularity of P t is x y , 

5*1 + 1 / 5V1 + 1 

these products are P,P,' ti + 1 7 - — ^ and P,P/ 1 + 1 ) ~-^r, respectively, and 

V (*i+l)! (*i+ 1)1 F J 

so have the same sign when x x is odd, opposite signs when x x is even. 



At the point P the projection of the 
generating point on the osculating plane 
at P crosses the tangent if x x + x 2 , the 
sum of the indices of the first and second 
class singularity of P, be an odd number, 
but remains to tlie same side of this line 
if Xi + x. 2 be an even number. 



At tlie element s of a plane-curve 
tlw line in which the enveloping element 
cuts e, maintains the sense of its turning 
in e if ^ + ,u a , the sum of the indices of 
the first and second class singularity of 
e be an odd number, but reverses the sense 
of this turning if (i x + fi 2 be an even 
number. 



* Here and wherever else the form of the curve is discussed, it is supposed of course that the 
coefficients of the series as well as t itself are real. 
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The proof is in principle the same as that given for the preceding theorem. 
We take the product of the tangent PP K i + x into the point P t + S and into the 
point P t _ 8 ; on the hypothesis that P t has the singularity indices x x , x % , these 
products are 

A"i + «a + S ( ^Vi + "2 + 3 

PP«i + lP*i+«a + » , ° nrif] PP'i + lP'i + 'i + JLl'l _ _ 

(* + *,+ 2) ! "^ ^ (xi + 7 , 2+2 )!' 

and have the same or opposite signs according as x 1 + x 2 is even or odd. 



At the point P the generating point 
crosses the osculating plane if x x -\-x^-\-x % , 
the sum of the three singularity indices 
of P, be cm even number, but remains to 
the same side of it if x x + x % + x s be an 
odd number. 



At the element s of a plane-curve 
ilie enveloping element crosses the point of 
osculation if (i x + u% + u 3 , the sum of 
the three singularity indices of e be an 
even number, but does not cross it if 
l l i + ih "f" !-h oe an °dd number. 



The product of P t P,"' + 1 Pj' + '* + » into P t + S is 

X", + "2 + "3 + 3 

PP<i+lp>i + «. + !P',+« ! +' ! + J ° 

(«! + xj + x s + 3) ! 
and its product into P t _ t is P t P t K > + 2 P*' + ** + *P?> + K - + K > + 3 ( ~ ^' ""'" 



( Xl + li% + /Tg + 3) ! 

these products have opposite signs if ;q + ;< 3 + x 3 be even, the same signs if 
x x -f- ?6j -f- ?< 3 be odd. 

If a point-curve be projected into an axial pencil or a plane-curve into a 
range of points, to the singularities of the originals will correspond singularities 
in the projections, the singularities of the projections, however, depending also 
on the position of the line which is the base of the pencil or range. With 
reference to the classes of singularity possible to the two systems into which we 
project — the same considerations which prove three sorts of singularity to be 
possible to an element of a point- or plane-curve of double curvature prove 
that but one sort is possible to the element of an axial pencil or a range of 
points ; in these systems there are but two linearly independent elements and 
the one source of singularity is that elements should coincide, which, in the 
general case, are distinct. 

Let P be an element of a point-curve of double curvature with the singu- 
larity indices x x , x % , x s , let I be the tangent line and s the osculating plane to the 
curve at P, and a the base of the axial pencil into which the curve is projected ; 
also, let gj be an element of a plane-curve, f.i lt (i 2 , fi 3 its singularity indices, l x its 
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tangent line, P x its point of osculation, and a x the base of the range into which 
it is projected. Then 



The singularity index of that ele- 
ment of the axial pencil a which is the 
projection of P, is x x , provided the point 
as does not lie in I, (1) ; x x + x % + 1 tohen 
as is in 1 but is not P, (2) ; x % tohen as is 
congruent with P, (3) ; x x -\- x % + x 3 + 2 
ichen a is in s but does not pass through 
P, (4); x 3 + ^2+i when a is in s and 
through P, (5); and x 3 when a is itself 



The singularity index of that point 
of the range a x which is the projection of 
h *' s u i > provided tlie plane a x P x does not 
pass through l x (1) ; is u x + m + 1 when 
a x P x passes through l x but does not coin- 
cide with e x , (2) ; fa when a x P x is con- 
gruent ivith s x , (3) ; fi x -\- u<j -\- [i 3 + 2 
when a x passes through P x but does not 
lie in s x , (4) ; ^3 + ^+1 when a x is in 
s x and contains P x , (5) ; and fx. 3 tohen a x 



is itself l x , (6). 

For if P <+6 be a curve point consecutive to P t , the projections of P t and 
P t+S , i. e. aP t and aP t + h) are consecutive elements of the axial pencil a. In 
case (1), i. e. when a does not meet 1, aP t+s = aP -\-aP.o + etc.; here aP=:aP, 
aP", . . . aP"', e|E aP" 1 + 1 , and the singularity index of aP is x x . In case (2)a= P 
(aP t + (3P? +1 ), P being a point without e; hence aP t+s = P (aP t + (3Pt' + 1 ) 
(P t -4- P'h + etc.) and all the planes of this expansion through 

p^ + H 4-1,^1 + ^ + 1 

are congruent with P (aP t + (3Pp + 1 )P t , but not the plane next following ; so 
that the singularity index of aP is x x -\-x % 4- 1. When a passes through P, (3), 
it is equal to P P t , P having the same meaning as before. And 

aP i+6 = P P t (P,+P^ + etc.)-P P,P^ 1 ( J^ ! + etc., or <^±*= ^^ 

+ etc. Of the terms of this expansion the first (x x -f- x 2 + 1) — (x x + 1) are con- 
gruent, so that the singularity index of aP is x. 2 . The other cases admit of 
similar treatment. It seems necessai'y to remark only that in (4) a= aP t P K t l + 1 
+ /3P£' + 1 P£' + **+ 2 + y PP'. + ^+ 2 , in (5) a = aP t P K t > + 1 + (3P t P? + K * + \ and in 
(6)aEEPP a > + 1 . 

The demonstrations of the theorems in the right-hand column are simply 
the reciprocals of those just given. We have but to substitute the regressive 
products of planes for the progressive products of points. 

Evidently the singularity of P is determined when the singularities of its 
projections in any three of the axial pencils (1), (2), ... (6) are known ; and the 
like of s x . 
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The indices x x , x 2 , x 3 determine whether the projections of P in the several 
pencils a are " Riickkehrelemente " * or not; for the generating element of any 
of these systems maintains or reverses the sense of its turning about a as it 
reaches any fixed element, according as the singularity index of that element is 
even or odd ; which in the case before us depends solely on the values of x x , x % , x 3 . 
A similar relation holds between the numbers fa, fa, ^3 and the motion of the 
generating element of each of the several ranges into which we project e x . 

Besides projecting into one dimensional system, we may project both of 
our curves into two dimensional systems also ; the point-curve into a pencil of 
rays, the plane-curve into the system of lines in a plane. The picture of the 
point-curve is then a cone, and the picture of the plane-curve a line-curve. Here, 
again, to singularities in the originals correspond singularities in the projections — 
the exact character of the correspondence depending on the position of the base 
of the pencil, or of the field of lines. The classes of singularity possible to an 
element of a cone or of a line-curve in a plane are two, the number of linearly 
independent elements in each system being but three. A ray I is singular in the 
first class to the order \ , and in the second class to the order \ , when 

1=1', I", ... P'E|5Z A ' +1 and [Z, l K ' + 1 ] = l^+ 2 , ... l^+^+\ ^=Z*»+*»+». 

Let the symbols P, 1, s, P x , l x , e x have the same meaning as in the preceding 
theorem ; and let the point-curve P t be projected into the pencil of rays whose 
centre is A and the plane-curve e t into the field a. Then 



The two singularity indices of the ray 
which is the projection of P are x x , x % , 
when A does not lie in s ; x x , x 2 + x 3 + 1 , 
when A lies in shut not in 1 ; x x + x % + 1 , 
x 3 wJien A lies in I but is not P ; x % , x 3 
when A is P. 



The two singularity indicesf of the line 
in which e x intersects a are ^ , fa when a 
does not pass through P x ; fa , fi 2 + (i 3 + 1 
when a passes through P x but not through 
\; fa-\- fa-\- 1, fa ichen a p>asses through 
?! but is not Si) fa, fa when a is e v . 

For when A does not lie in s, in the product AP t+s , or AP + AP'h + etc., 
AP = AP, . . . AP", ^AP"+ X and [AP, AP" + '~\ =AP"+\ . . . AP"+*>+\ 
E j= AP" + "* + \ If A lie in e but not in I, AP = AP', . . . AP", EJE AP" + 1 and 
[AP, AP"+ i ] = AP" + \ . . . AP" + K >+"*+ 2 , ^e AP"+ K *+"s + 3 ; and the indices are 
Xi and x x + x 2 -f- x 3 + 2 — {x x + 1) — x% + x 3 + 1 . When A lies in 1 and is not P, 
AP — AP, ...AP" + i: * + \ e[eXP i + k =+ 2 and [4P, AP" + K *+*~\ = AP"> + **+ 3 , . . . 

*Conf. von Staudt, Geom. d. L?ige, p. 113. 

t The two singularity indices of the element of a line-curve in a plane are its " inflexional " and 
' cuspidal " indices respectively. 
voi,. vin. 
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AP"' + ^ + ^+ 2 , EJE AP K >+ * 2 +" 3 + 3 ; and the indices are Xi + ^B+1 and (^ 1 +^ 2 +?<r 3 + 2) 
— (*! + x% -\- 2) = x 3 . Finally, when A is P all the terms AP, . . . AP"' vanish, so 
that the value of AP t , 8 expresses itself in a series of which the first term is 

AP K ' + 1 - — • with this term all those immediately following are congruent, 

while from it and AP" l + K ' + i all the terms through AP Kj + l ' ,2+Ks + 2 are linearly 
derivable ; in this case, therefore, the singularity indices are x % and x 3 . 

The theorems in the right-hand column are the reciprocals of those just 
demonstrated. 

§6. 
By a "line-curve," I mean a developable, i. e. not any continuous oo 1 aggre- 
gate of the general line elements (Liniensummen) of space — such as the point- 
curve is of points and the plane-curve of planes — but only aggregates whose 
elements are the tangents to a point- or plane-curve. The general element of a 
line-curve 8 then is [PP Ks + 1 ] t or [££* 3+1 ]j. Its singularity finds expression in 
linear relations among the coefficients in the expansion of [PP"> + 1 ] t+s . As 
there are in space but six linearly independent line elements, the possible num- 
ber of these singularity-defining relations among the coefficients is five. We are 
to investigate to what extent they are consequent on the singularity of P t and to 
what extent they are independent. 

The general term of the expansion of [PP :tl+1 ]j +6 is -.j- [PP* l + 1 ] i . Omitting 

numerical coefficients 

[PP" 1 + i y = PP k i+ 1 +j -|- p'jpi + i+^-i + . . . p K ip"i + i+i-«. ( a \ 

I p*, + * 2 + 2p.?-(«2 + l) I p«i + «2 + 3pj-(« 2 + 2) 



(c) 

+ . . . P'i + "' + s i + 2 pj~(' , ' + "i + 11 j 
_j- p*i + «2 + "3 i-8pi- («, + *» + 2) -|_ p«i + «i + «i + 4p;-(«s + «! + 3) 1 

_J_ #- # p«, + 2« 2 + »3 + 3p^-(2« 2 + K 3 +2) j ^ ' 

i p« 1 +2'j+«j+4pi-»«i+«!+3] + . . . P^P K i + 1 . (e) 

1. It will be noticed that the coefficients [PP*> + 1 ]', [Pi > » + 1 ]" . . . 
[PP" 1 + 1 ]" 2 are congruent with PP"^ 1 ^ but not so the next following coefficient. 
For so long as j does not exceed x 2 , \_PP"' + l Y is a sum of products of points 
which all lie on the line PP* 1 + 1 ; rpp^ + rj^-M on ^ e ther hand, contains in its 
expansion pp*i + *2 + 3 , 

2. The coefficients to [pp*» + 1 ]' c 2+' t i + 1 inclusive belong to the pencil of rays 
through P; but not so the coefficient next following. For so long as,/ does not 
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exceed x % + x x + 1, the sum into which [PP Kl + 1 ] J ' expands terminates in the 
row (b); the lines (a) all pass through P and the lines (b) coincide with pp K i + 1 : 
|\pp« J + rj«2+« 1 + 2 ) on the other hand, contains in its expansion P' 1 + 1 P" 1 + * 2 + 2 , 
which cannot pass through P. 

3. The coefficients to [pp , i + 1 ]'i+'i+ 1 inclusive belong to the field of lines 
pp^ + ip^+^ + 2^ ^ e _ g . Du t ^ e n ext coefficient lies without this field. For all 
the points P, . . . p** + **+*»+* lie in e, but P*i + *' + «> + 3 without e. 

From 2 and 3 it follows that the coefficients to [PP" 1 + 1 '] K, > + {«l} + 1 inclusive 
belong to the flat pencil PP" 1 + 1 , P?" l + * I+! ; it being understood that that one of 
the indices x lt x 3 is to be read which is not the greater. 

4. Every coefficient [pp<.+ 1 ]'.+»i+"i+ 2 belongs to one of the two systems, the 
pencil P or the field e, or to both of them ; but the coefficient [PP" I+1 ]"' + * 2 +« 3 + 3 
belongs to neither of them. For so long as j does not exceed x x + x 2 + x 3 + 2 , 
all the terms (a) in the expansion of [PP" 1 + 1 ] i pass through P, and all the 
terms from p < > + 1 pj on lie in e. [PP'' + 1 ]"'+"' + "' + 3 l on the other hand, contains 
p«i + ip«i+«!i4-«a4-8 ) w hj.ch does neither the one nor the other. 

5. The coefficients to [PP K i + 1 ]*i + 2< » + ' [ » + 3 inclusive belong to the linear 
complex of which the axis is PP K i + i • but not the coefficient [pp*i + 1 ]*i+ 2 "2 + *3 + 4 . 
For so long as j does not exceed x x + 2x 2 + x s + 3, the expansion of \_PP' l+v ] s 
consists only of terms out of (a), (b), (c), (d) ; and of these the terms (a), (b), (d) 
contain a point of PP"^ 1 as one of their factors and the terms (c) are the 
products of points which all lie in the plane e. On the other hand, the expansion 
of [P^ + 1 ] , '+^+'>+ i contains the term pi + t >+*p«i+ |[ >+"s+ 3 ) a line joining a 
point not on PP"^ 1 with a point not in e. 

Therefore, the defining characteristics (defining because sufficient as well as 
necessary) of I, the element of the developable l t corresponding to the point 
P (x lt x %% k 3 ), are : 

I. (1) I is a line through P. 

( 2) l"' s + 1 is also a line through P, but not coincident with I . 

(3) ^+ K i+2 (if xi <C x 3 ) is a line in the plane of I and Z" s + 1 , but not through P. 

(4) l"'+ l! '+ 2 is the sum of a line through P and not in tlie plane of I and /* 2+1 , 
and a line in the plane of I and l K * + 1 and not through P. 

(5) l" 1 + *s+"s + 3 is an element of the linear complex I which is not resolvable into 
a line through P and a line in the plane of I and l"' +1 . 

(6) l K < + iK i+ K 3+ i Is not an element of the linear complex I, 
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it. (i) i=r, i", . . . i k \ 

(2) [1, ?*« + 1 ] =?'•+», ?'.+», . . . Z«.+". + i. 

(3) |7 ?" 2+i i K °-+ K >+ 2 ~\ =i"i+ K i+3 i^+"i+i . . . i K '+ K »+ i . 

(4) [1 1" 2 + 1 Z*2+«i + 2 pa + Ks+a - ] =^a+«» + 3 £«i + *« + «a+ 3_ 

(5) 17, Z" 2 + 1 , /^+"i + 2 ( l*i + K > + * Z">+ K 2 + *3 + s "| =//> + "2 + «3 + <l ) . . . Z"i+ 2 *s + *3 + 3 . 

N". B. If x x > x s , the indices ^ and k 3 are to change places in both I and II. 
/«2 + «3 + 2 i s then a line through P, but not in the plane of 1 and 1" 2 + 1 , and /"2 + *i + 2 
the sum of two lines, the one through P, the other in the plane of 1 and t K *- + 1 . If 
x 1 = x 3 , both I (3) and II (3) disappear. The only one of the P's which must be 
the general line element, complex, is (4). 

We may regard II (1), (2), (3), (4), (5) as the definitions of line singularities 
of four or five classes with order indices x. z , x lt etc. They are conditioned solely 
by the singularity of P. 

The possibility of an independent line singularity depends entirely on 
whether x x and x z be equal or unequal. For when x x -'px 3 , there are among the 
coefficients to l K ^ + 2 ^+^ + 4 inclusive six linearly independent lines, and from six 
linearly independent lines all the lines and complexes of space can be derived ; 
in this case no singularity beyond 11(5) is possible. But if x 1 = x 3 , (3) falls 
away, and there are but five linearly independent lines among the coefficients 
to l K ' + 2 ^+ K -+ i inclusive. These determine a linear complex to which a number 
of the coefficients l"i + iK i + K * + 5 } l K > + iK *+ K * + * } etc., may belong. 

I define an element of a developable as singular in the line-class to the order 
/I when xx — x s , and 

:=!= £2*1+2^ + ^+5. 

The geometrical character of the singularities of the developable can be 
most easily studied by aid of its projection in a point-space of five dimensions. 
Let /j, 1 2 , ... 1 6 be any six linearly independent lines or linear complexes of an 
S s , and let the six linearly independent points P lt P 3 , . . . P 6 be their projections 
in $ 5 ; every line and linear complex of S 3 is then of the form 

aJt + a.J 2 + a 3 / 3 + a/ 4 + a B / 5 + a 6 7 6 , 
and its projection in £5 is a x P x + a 2 P 2 + . . . a 6 /V To linear relations among 
elements of the one space correspond linear relations among their projections in 
the other. Thus a ray of the flat pencil cc^ + « 2 7 a (l x and 1 % being intersecting 
lines) projects into a point of the range a x P x + a 2 Pi, the rays of a pencil or the 
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lines of a plane in S 3 project into the points of a plane in S it the elements of a 
linear complex in S 3 , into the points of an $ 4 in S 5 . In particular, a developable 
in #3 projects into a point-curve in S 5 , its singular elements into singular elements 
of the point-curve with the same singularity indices. Applying now to this 
point-curve the methods developed in §2 and interpreting the results for the 
developable, we infer the following theorems: P, e, I are supposed to be cor- 
responding elements of the point-, plane- and line-curve C, with singularity 
indices x x , x 2 , x 3 , %. 

1 . I is stationary to the degree x 2 . 

2. The developable has in I a contact of the x % 4- x x + 1 order icith P ; ;< 2 + x x + 2 
consecutive elements of the developable belong to the pencil P. 

3. Tlie developable has in I a contact of the x % + x s + 1 order with s ; x % + x 3 + 2 
consecutive elements of the developable belong to the field s. 

4. The developjable has in I a contact of the x x 4- 2x % + x 3 + 1 order with the 
linear complex of which I is the axis ; x x + 2x % + x s + 4 consecutive elements of the 
developable belong to this complex. 

5. In particular, tchen x x = x 3 , the developable has in I a contact of the order 
2x x + 2x 2 4- JL 4- 1 tvith the linear complex determined by I, l"- + 1 , l K "-+ K > + 2 ! p"i+^+'^ 
pxi+z^+i. 2 Xl -j- 2x 3 + % + 5 consecutive elements of the developable belong to this 
complex. 

In case x l — x 3 , as the generating element of the developable moves away 
from I it first turns about P in e, then splits into two lines, one through P and 
not in e, the other in e and not through P, becomes in succession a general 
element of the complex I and of the complex (I, . . . P^+^ + 4 ) t and finally a 
general element of line space. In the other cases, before splitting it becomes a 
line in e not through P, or a line through P not in e ; and passes directly from 
the complex I into unrestricted line space. 

Again, at I the generating element 

1. maintains the sense of its turning in s about P if x 2 be even, reverses it if x 2 be odd. 

2. in turning about P, crosses s or not according as :c 2 + x 3 is odd or even* 

3. in its motion in e crosses P or not according as x 2 4- x x is odd or even. 

4. moves across I or not according as x x + x 3 is odd or even. 

The intersection of the developable with any plane a is a point-curve in a ; 
and its projection in the pencil of planes through any point A is a cone of this 
pencil. 

* I. e. every point on it crosses t or not. as tlie case may be. 
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The two singularity indices of the 
point in a which is the trace of I are 
x % , x 3 when a does not pass through P ; 
K 2 4~ K \ 4" 1 1 x z when a passes through P 
but not through I ; x t , x%-\- x 3 -\- 1 tchen 
a passes through I but is not e ; x lt x % 
ivhen a is e. 



Tlie hco singularity indices of the 
plane through A which is the projection 
of I are x % , x 1 tchen A does not lie in e ; 
x 2 -f- x 3 + 1 , x 1 tchen A lies in e but not 
in I ; x 3 , x % + x x -f- 1 tchen A lies in I 
but is not P ; x 3 , x 2 tchen A is P. 



These theorems have been already demonstrated (p. 169). They may also 
be demonstrated independently by aid of the development l t + s = I + l'o + etc. 

From the Plucker equations connecting the ordinary singularities of the 
projections of the developable in a and A, Prof. Cayley has deduced equations 
connecting the ordinary singularities of the developable itself.* In the Plucker 
equations for the trace of the developable in a (a not passing through P) the 
singularity x lt x 2 , x 3 counts for x % simple cusps and x s simple inflexions ; in the 
Plucker equations for the cone of planes which is the projection of the developable 
in A (A not in e) , it counts for x 2 simple inflexions and x x simple cusps. There- 
fore — 

In respect to its influence on the order, class, rank and genus of .its curve, the 
singularity x 1 , x % , x 3 is equivalent to x x points, x 2 lines, x 3 planes, all stationary to 
the first degree. 

N. B. No account is here taken of the double points, double planes, etc., 
which enter also into the composition of higher singularities — due to the mutual 
intersections of the projections of the several partial branches which unite in the 
singular element. The series with which we operate and which define our 
singularities represent but single partial branches. f 

§7- 

An analytical point-curve of double curvature being defined in the neighbor- 
hood of the point (x\ by the equations 

x 1 :x 2 :x B :x i = <fr (t) : <?> 3 (l) : $„ (t) : $ 4 (t) , 

where fy (t) = a i0 4- a a (t — t ) + . . . a in (t — t Q ) n + etc. 



* Vid. Salmon's Geometry of Three Dimensions, p. 291. 

t Conf. note at the bottom of page 157; also Cayley in Quarterly Journal, Vol. 7, and Smith in Pro- 
ceedings London Math. Society, Vol. 6. 
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1. The sufficient and necessary condition (hat the point (x) be stationary to the 
x 1 degree is the vanishing of all the determinants of the second order in the matrix : 

#10 #20 #30 #40 



#J1 #21 



'31 



a. 



#a 



*3«, 



#, 



4«i 



For, by hypothesis, (a- ) is singular in the 1st class to the x x order , that is, 
A = A lt A 2 , . . . A Ki * Therefore each of the products A A lt . . . A A Ki , etc., 
must vanish. 

But AoA t = [ttio^ + #20^3 + #30-^3 + #40^4] [#11#1 + #21^2 + #31^3 + «41#i] 



#10 #20 
#11 #21 


E^E % + 


#10 #30 
#11 #31 


^3 + 


#10 #40 
#11 #41 


E X E A 






+ 


#30 #40 
#31 #41 


-E3-E4 + 


#40 #20 
#41 #21 


EJZ % + 


#20 #30 
#21 #31 



E 2 E 3 . 
The points E^E^E^E^ are linearly independent, so that A^A X can only be 



when all the determinants 



, etc., vanish, and the same reasoning applies 



#10 #20 
#11 #21 

to all the remaining products A A Ki , etc. 

2. That, in addition to being itself stationary to the x 1 degree, its tangent line be 
stationary to the x % degree, the necessary and sufficient conditions are 1 , and the 
vanishing of all the determinants of (lie third order in the matrix: 



#10 
#!,«, + ! 



'20 



a s . 



a. 



40 



« P 



a 



l,«i + 2 






a. 



•3,k, + 1 
it 3,K 1 + 2 



#4,«, + l 

#4, «! + 2 



#1,/C, + K 2 + 1 #2,Kj + K a + l #3,K, + « 2 + l #4, *, + *,, + 1 

For the hypothesis requires that all the products 

A A Ki + iA Kj + 2 , . . . A A Ki + 1 A Ki + Ka + 1 

vanish, and that can only be when the determinants of the third order in the 
matrix 2 all vanish. 

3. T/iat, in addition to the singularities x lt x 2 , it may have the further singularity 
that its osculating plane be stationary to the x 3 degree, the sufficient and necessary 



* Vid. 11. 
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conditions are 1 , 2 , and the vanishing of all the determinants of the fourth order 
in the matrix : 



«10 


«20 


Ct l, K, + l 


a 2,«, + l 


a i, K, + « 2 +2 


rt 2, K, + « 2 + 2 


a i,K, + K, + S 


a 2,«i + « a + 3 



! ol) 



a 



3,^+1 
]t 3,K 1 + K 2 + 2 



• l 4, Kj + 1 

*4 , k, + « 2 + 2 
7 4, «,+*„ + 3 



a l,«i + «2 + «3 + 2 a 2,"i + «2 + «s + 2 a 3,K, + « 2 + K 3 + 2 «4, « 1 + r, + « a + 8 

1, 2, 3, express equally well the conditions of plane singularity: it is only 
necessary to suppose the given equations to be 

«! : w 2 •■ tt 3 : « 4 = 'h ( f ) ■ 4 (0 : is («) : ^4 (0 • 
The line singularities admit also of expressions of this sort, but for the 
general case they are very cumbrous and it does not seem worth while to give 
them. 

§8. 
If P t be the Grassmann equation of the point-curve of double curvature 



SC-i • Jd 



■■*3--X i = <p 1 (t):<p 2 (t):<l> 3 (t):<l> i (t), 



Pi, Pi', etc., are the equations in the same analysis of the "differential curves"* 

x x : x % : x s : sr 4 = $[ (t) : $ (t) : $j (t) : $' t (t) ; etc. 
So also are e t ', e' t ', etc., the equations of the first, second, etc., differential (plane-) 
curves of s t . 

No addition is made to our knowledge of singularities by regarding P' t , Pi', 
etc., in this light, but it leads to a graphical representation of the conditions of 
singularity which is worth noticing. 

Call the curve of which P{ is the point equation P _C j , the curve of which 
ef (e t = P t P$ 1+1 Pt l + Kt+i ) is the plane equation ,_C J , and understand by "cor- 
responding" elements of the curves such as are determined by the same value 
of t. Then 



*A familiar example of such a differential curve is Hamilton's hodograph. If in the expansion 
Pt = A + A 1 (t — 1 ) + A 2 (t — to) 1 + etc., only A is a point and the rest of the coefficients, A t , etc., 
are vectors (Strecken), the vector PI represents, both in direction and magnitude, the velocity of P t ; and 
if one extremity of it be fixed, the other will trace the hodograph of Pt. Or the curve which Pt traces 
in the plane at infinity is the hodograph, the position of the points of this curve representing the direction, 
their weight the magnitude, of the velocity, of P t . Conf. Grassmann, Ausdehnungslehre (1884), p. 146. 
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In a point of which the singularity 
indices are x x , x%, x 3 , a curve C is met 
by P -C\ p-C", . . . P _C"' in the corre- 
sponding points of these curves ; its tangent 
line passes through the corresponding 
points of p_C" 1+1 , . . . p_C" i + K ' +1 ; and 
its osculating plane through the cor- 
responding points of p_C" 1 + K * + 2 , . . . 
p_C" 1 + "*+">+* : and conversely. 



With a plane element of C of which the 
singularity indices are x 3 , x 2 , x x , the 
corresponding planes of e _C, . . . t _C Ks 
coincide ; through its tangent line pass 
the corresponding planes of e _C" 3 + 1 , . . . 
£ _ (7*3 + «2 + i . ana \ through its point of 
oscillation the corresponding planes of 

e _C«a + " 3 + 2 ) . . . e _<7Ka + " 2 + «,+2. ana \ 

conversely. 



These corresponding points of P _C", P -C", etc., have singularities of which 
the indices are determined within certain limits by x lt x 2 , x 3 . For the first x x of 
them the indices are x x — 1, x % , x 3 ; x x — 2, x 2 , x 3 ; . . . ; 0, x%, x 3 respectively. The 
rest are not determined absolutely; e. g. of the point on P _C* 1 + 1 it is only 
required that the sum of its first and second-class indices be x 2 — 1 . 

The curves P _C", . . . P _C Kl have contacts of the orders x 1 + x 2 , . . . x % + 1 
with the tangent to C in the point P (x x , x%, x 3 ), and contacts of the orders 
*i + *g + *8) • • • , tt 2 + x 3 + 1 with its osculating plane. The curves p_C" 1 + 1 , ... 
p _C , + Ki also are generally touched by this tangent and the curves P _C Kl + 1 . . . 
p _(7«i+"ii+*3 by thi s osculating plane. If, however, the point corresponding to P 
on one of them, P _C } , have the first-class singularity index x 2 + x x + 1 — j, it 
and the curves P _C 3+l , . . . P _C"' + K * +1 are touched by the line joining those points 
of p_C 3 and P _C Kl + H + 2 which correspond to P. Even in this case the curves 
P ~C, . . . p^" 1 "*" 13 are touched by the osculating plane of C, unless the corresponding 
point on p _C K > + "*+ 2 have the first-class singularity index x 3 . It is evident that 
the curves p_C" i + K, ' +i . . . p _C Ki + K * +K! > also are not touched by the osculating 
plane of C if the first-class singularity index of the point on p _C 1 + K * +j be 
x 3 — j-\- 1, or the sum of its first and second-class singularity indices x 3 — j -\- 2. 

The projections of P _C . . . p_C" a upon the osculating plane of C at P touch 
the projection of C upon the same plane ; the first, third, fifth, etc., of them crossing 
the projection of C, the second, fourth, sixth, etc., not crossing it. 

There are reciprocal theorems for the plane-curves e _C, e _C", etc. 

P _C, p-C", etc., and e _C, e _C", etc., are two distinct sets of curves. 
By constructing the point equations of e _(7', e _C", etc., it is found that all of 
these curves to e _C l+K ' + IC! ' inclusive meet C in P(x u x 2 , x 3 ) ; but that the cor- 
responding point of the envelope of t _C l + *' +ICa+1 may lie anywhere in space. 

Lbipsio, May 27, 1885. 
Vol, VIII. 



